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ABSTRACT

In this paper, the amplitude–phase–frequency coupling (APFC) constraint in practical reconfigurable intelligent 
surfaces (RISs) is first investigated. Building on this, three distinct beam-squint-aware and APFC-aware statistical 
quantized RIS designs are proposed for frequency- and spatial-wideband (dual-wideband) RIS-aided massive 
multiple-input multiple-output systems, optimized respectively for signal-to-noise ratio, mean statistical mutual 
information, and the ergodic capacity upper bound based on the cascaded channel covariance matrix. To optimize 
these metrics, an iterative alternating optimization (AO) algorithm, referred to as the iterative phase refinement 
algorithm, is adopted, which converges in just a few iterations. Simulation results show that the proposed RIS 
beamforming designs outperform conventional approaches in terms of spectral efficiency and outage capacity.
Index Terms—Amplitude–phase–frequency coupling, beam-squint, reconfigurable intelligent surfaces, statistical 
beamforming

I. INTRODUCTION

Reconfigurable intelligent surfaces (RISs) have emerged as a transformative technology in wire-
less communication [1, 2]. Composed of passive reflecting elements, these surfaces can manip-
ulate the propagation of electromagnetic waves. By dynamically adjusting the phase of each 
element, RISs can create controllable wireless environments. This innovative approach shows 
great potential for future wireless networks, offering improvements in spectral efficiency (SE), 
energy efficiency, and enabling a broad array of applications [3].

In literature, many studies assume ideal reflection responses for RIS structures [4–7]. This assump-
tion entails that each RIS element possesses unit amplitude, and that the phase of any RIS ele-
ment can be freely adjusted. However, practical implementation reveals that this assumption is 
not applicable due to the inherent coupling between the amplitude and phase of individual RIS 
elements [8]. Furthermore, this interrelationship extends to the frequency of the incoming electro-
magnetic wave, a phenomenon referred to as amplitude–phase–frequency coupling (APFC) [9, 10].

Many studies have explored continuous phase designs for RIS elements, but these approaches 
present practical challenges due to the need for sophisticated and costly hardware [11]. 
Continuous phase adjustment requires a complex infrastructure, with multiple control pins con-
nected to each element [12]. This complexity undermines the fundamental goal of RISs, which 
is to offer a low-cost, easily deployable solution. To address these practical issues, discrete phase 
shift designs are often preferred [13]. In this approach, each RIS element is connected to a small 
number of positive-intrinsic-negative (PIN) diodes, and the required phase shifts are achieved by 
controlling the on/off states of these diodes through control signals [14].

Reconfigurable intelligent surface deployments often consist of a large number of elements, as 
noted in ref. [15], making computational overhead a critical concern for practical systems. Many 

WHAT IS ALREADY KNOWN ON THIS 
TOPIC?

• The literature indicates that the reflection 
characteristics of practical reconfigurable 
intelligent surfaces (RISs) follow a model 
in which the amplitude and phase of the 
reflection coefficient are coupled. This 
coupling also depends on the frequency 
of the incoming electromagnetic wave, 
a phenomenon referred to as amplitude-
phase-frequency-coupling (APFC).

• However, most existing RIS beamforming 
studies assume an ideal reflection model 
and overlook the APFC inherent in 
practical RIS elements.
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studies propose RIS optimization algorithms based on instantaneous channel state information 
(I-CSI) [16-18]. However, due to the fast-varying nature of channel gains, I-CSI can change rap-
idly, leading to frequent configuration updates and significant computational overhead in I-CSI-
based designs. In contrast, statistical RIS designs exploit slowly-varying channel parameters, such 
as path angles, and do not rely on I-CSI. Path angles evolve at a much slower rate than path gains, 
as noted in ref. [19–21]. A new concept, angular coherence time, has been introduced to describe 
the extended period during which path angles remain nearly constant [22]. Measurements show 
that angular coherence time can be significantly longer than traditional channel coherence time 
[22]. Consequently, statistical RIS designs, which only require updates at each angular coher-
ence time, eliminate the need for frequent adjustments and significantly reduce computational 
overhead.

Studies have demonstrated that a large RIS comprising N reflecting elements can boost the 
signal-to-noise ratio (SNR) by a factor of O(N2), a phenomenon referred to as the “square law”, 
thereby substantially enhancing signal quality at the receiver [12]. However, as the number of 
RIS elements increases, the propagation delay across the RIS array becomes comparable to the 
symbol duration [23, 24]. This leads to the beam-squint effect (BSE), where different subcar-
riers experience distinct angles of arrival (AoAs) and angles of departure (AoDs) for the same 
physical path [23, 24]. If not properly addressed, the BSE can lead to significant performance 
degradation [25].1

The literature review reveals that many RIS beamforming studies assume ideal RIS responses, 
adopt continuous phase designs, and rely on I-CSI-based designs. Additionally, the APFC con-
straint and the BSE have received limited attention. To address these gaps, statistical quantized 
RIS designs are proposed that account for both the BSE and the APFC for dual-wideband RIS-
aided massive multiple-input multiple-output (MIMO) systems. The key contributions are as 
follows:

• The APFC constraint inherent in RIS structures is investigated, demonstrating how the ampli-
tude and phase of RIS elements change in response to the frequency of incoming signals.

• Quantized RIS designs are proposed, and simulation results indicate that the 4-bit quantized 
RIS closely matches the SE of its unquantized counterpart for dual-wideband channels under 
the APFC constraint.

• Signal-to-noise ratio-based, statistical mutual information (SMI)-based, and cascaded chan-
nel covariance matrix (C-CCM)-based statistical RIS designs are introduced that do not rely on 
I-CSI. These designs account for both the BSE and the APFC. To the best of the authors’ knowl-
edge, this is the first study to propose a statistical RIS design considering both BSE and APFC. 
Simulation results show that the proposed designs outperform conventional approaches that 
overlook these effects in terms of SE and outage capacity.

Notations: Fonts x, x, and X represent scalars, column vectors, and matrices, respectively. The 
complex conjugate and magnitude of x are denoted by x* and |x|, respectively. The determinant, 
inverse, transpose, and Hermitian of X are represented by det|X|, X−1, XT, and XH, respectively. The 
ith element of x and the (i, j)th entry of X are denoted as [x](i) and [X](i,j), respectively. The ℓ2-norm 
is represented by x. The notations ID and 0D×1 refer to the D × D identity matrix and the D × 1 
all-zeros vector, respectively. Lastly,  ��� , Tr ��� , ⌊.⌋, and δij represent the expectation operator, 
trace operator, floor function, and Kronecker delta, respectively.

II. AMPLITUDE–PHASE–FREQUENCY COUPLING

Reconfigurable intelligent surface structures are typically fabricated using printed circuit boards 
that incorporate metallic elements on dielectric substrates [9, 10, 26]. Additionally, these struc-
tures often integrate semiconductor devices, such as PIN diodes, to fine-tune reflection responses 
by manipulating impedance [9, 10, 26]. Achieving accurate modeling of the reflection response 

1 Some concepts from this paper were covered in an earlier conference paper [25]. In ref. [25], the focus was 
on the interference suppression capability of RIS under dual-wideband channels, but the frequency 
dependence of the amplitude–phase coupling was neglected, which is a primary focus in this paper. 
Moreover, [25] considered only line-of-sight (LOS) paths between the BS-RIS and RIS-UE (i.e., L = J = 1), while 
this work adopts a more generic channel model (i.e., L > 1 and J > 1). Additionally, a novel RIS design metric 
is introduced in this paper, which considers the amplitude–phase–frequency coupling, referred to as the 
C-CCM-based RIS design.

WHAT DOES THIS STUDY ADD ON 
THIS TOPIC?

• To the best of the authors' knowledge, 
this study is the first to propose statistical 
RIS beamforming designs that explicitly 
account for both the amplitude-phase-
frequency coupling (APFC) and the beam-
squint effect in dual-wideband RIS-aided 
massive MIMO systems.

• Simulation results show that neglecting 
the APFC can result in up to 5 dB power loss 
to achieve the same spectral efficiency.
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of an RIS element is accomplished through an equivalent parallel 
resonant circuit as depicted in Fig. 1 [8]. Let f f N� �� � 1  denote the 
reflection coefficients of an N-element RIS for an incident signal with 
frequency f. The impedance of the mth element of the practical RIS 
then can be given as [8]

Z C f
i fL i fL

i fC
R

i fL i fL
i fC

m
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where f, L1, L2, Cm, and R are the frequency of the incident signal, bot-
tom layer inductance, top layer inductance, effective capacitance 
and the loss resistance, respectively. The reflection coefficient of the 
mth element then can be expressed as [8]

f f
Z C f Z
Z C f Zm

m

m
� ��� �� �

� ��
� ��� �

,
,

,0

0
 (2)

where Z0 is the free space impedance. To control the reflection coef-
ficient [ϕ(f)](m), one can vary the effective capacitance Cm to manipu-
late the reflected electromagnetic waves. As evident from (2), the 
amplitude and phase of the reflection coefficient [ϕ(f)](m), are intrinsi-
cally intertwined, and they cannot be adjusted independently.

Fig. 2 illustrates the APFC effect. First, the amplitude is plotted against 
the phase for different values of the incident signal frequency. To 

create this plot, the capacitance Cm is varied from 0.47 pF to 2.35 pF, 
aligning with the experimental setup in ref. [8]. Other parameters 
remain constant, including L1 = 2.5 nH, L2 = 0.7 nH, R = 2.5 Ω, and 
Z0 = 377 Ω, as specified in ref. [8]. Next, the amplitude and phase are 
depicted against the incident wave’s frequency for varying values 
of capacitance Cm. These figures demonstrate that the reflection 
response of the RIS exhibits significant variation with changing fre-
quencies, which could potentially lead to considerable performance 
degradation when dealing with wideband incident signals if not 
properly addressed.

III. SYSTEM MODEL

An uplink scenario for dual-wideband channels is considered, where 
a base station (BS) with an M-antenna uniform linear array (ULA) 
serves a single-antenna user equipment (UE) located in the far field 
via an N-element ULA-type RIS. It is assumed that no direct path 
exists between the BS and the UE.

The received signal at the BS in the frequency domain for the kth 
subcarrier can be expressed as [27, 28]

y H h nk k k k k k
Mx� � � � � �diag f  1 ,  (3)

for k = 1,2,…, Nc where Nc is the number of subcarriers, Hk
M N� �  rep-

resents the frequency domain channel matrix between the BS and 
RIS, �k

N� � 1  represents the frequency-dependent reflection coef-
ficients of the RIS for an incident signal with frequency fk, hk

N� � 1  
represents the frequency domain channel vector between the RIS 
and UE, xk represents the transmitted orthogonal frequency-division 
multiplexing symbol of the UE, and nk

M� � 1  is a zero-mean com-
plex random Gaussian noise vector that satisfies  n n Ik k

H
M kkN� �� � � 0 � .  

The transmitted symbols are assumed to be uncorrelated, i.e., 
 x xk k kk� �� � �* � .

The spatial wideband BS-RIS and RIS-UE channels can be expressed 
in the frequency domain as [27, 28]

H u uk

L

k k
H i f M Ne k� � � � � �
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  

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� ��
1

2 1� � � �  ,  (5)

Fig. 1. The equivalent circuit of a practical RIS element.

Fig. 2. Amplitude–phase–frequency coupling of an RIS element.
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where L and J are the number of multipath components (MPCs) 
between the BS-RIS, and RIS-UE, respectively, α  and αj are the ran-
dom complex channel gains for the ℓth BS-RIS MPC and jth RIS-UE 
MPC, respectively, uk

M�� �� � 1  and uk
N�� �� � 1  are the spatial wide-

band array response of the BS and the RIS, respectively, � �l l
%� sin  is 

the sine of the physical AoA % lθ  at the BS, � �l l%� sin  is the sine of 
the physical AoD % lϕ  at the RIS, � �j j� sin   is the sine of the physi-

cal AoA ϑ j  at the RIS, f f
W

k
W

N
k c

c
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�2
1

1
 for k = 1,2,…, Nc is 

the discrete frequency value of the kth subcarrier, W is the signal 
bandwidth, fc is the center frequency, and � � ~ ,Unif 0 max�� ��  and 
� �j Unif~ ,0 max�� ��  are the propagation delays from the RIS to the BS 
and UE to the RIS, respectively. The spatial wideband array responses 
of the BS and RIS can be expressed as [24, 28]

uk

i
d f

f
i M

d f
f

M

T

e ec

k

c c

k

c�
�
�

� �
�

�

� � � �
�

�
�
�

�

�
�
�

� � �� �

�

1
2 2 1

1

, , ,
BS BS

,,  (6)

uk

i
d f

f
i N

d f
f

N

e ec

k

c c

k

c�
�
�

� �
�

�

� � � �
�

�
�
�

�

�
�
�

� � �� �

�

1
2 2 1

, , ,
RIS RIS

11

T

,  (7)

where dBS and dRIS are the antenna-spacing at the BS and the element 
spacing at the RIS, respectively, and λc is the wavelength for the cen-
ter frequency. It is assumed that the first BS-RIS MPC (ℓ = 1) and the 
first RIS-UE MPC ( j =1 ) are LOS, while all other MPCs are non-line-of-
sight (NLOS). The LOS MPCs are modeled as the Rician components 
of their respective channels, with gains expressed as � � �

1 1� ei  and 
� � �

1 1� ei , where σ1
2  and σ1

2  represent the average power of the 
first BS-RIS and RIS-UE MPCs, respectively, and φ  and ϕ are the ran-
dom phases. The NLOS MPCs are modeled as Rayleigh components, 
with gains expressed as � � � �CN~ ,0 2� �  (ℓ > 1) and � �j j~ ,CN 0 2� �  
(j > 1), where σ

2  and σ j
2  represent the average power of the ℓth 

BS-RIS MPC and the jth RIS-UE MPC, respectively. The SNR is defined 

as SNR�
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The received signal in (3) is rewritten using (4) and (5) as
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where � � � , j j��  is the cascaded channel gain, � � � , j j� ��  is the 
cascaded delay, and  , j j� ��� �  is the cascaded angle. In this 
paper, the slowly-varying channel parameters, which are the aver-
age power of the cascaded gains � � � , j j

2 2 2�� , the cascaded angles 
 , j , and the BS-side AoAs θ  are assumed to be known perfectly. 
These slowly-varying parameters can be estimated using the tech-
niques described in refs. [27, 28].

IV. AMPLITUDE–PHASE–FREQUENCY COUPLING- AND 
BEAM-SQUINT-AWARE STATISTICAL RIS BEAMFORMING

In this section, beam-squint-aware (BSA) and APFC-aware (APFCA) 
statistical quantized RIS designs are proposed. Statistical optimiza-
tion metrics, including output SNR, mean SMI, and a capacity upper 
bound based on C-CCM, are used. Accordingly, SNR-based, SMI-
based, and C-CCM-based RIS designs are presented. The proposed 
quantized RIS designs are derived by adjusting the capacitance val-
ues of the RIS elements. For a q-bit quantized RIS design, the capaci-
tance values are chosen from the set q , where q

q= 2 . The set q  
is constructed to ensure that the capacitance values within it yield 
uniformly quantized phase values for the center frequency, namely 

0
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2 1
2
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, , ,
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q
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Fig. 3. System Scenario Description for RIS-aided MIMO.
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A. Signal-to-Noise Ratio-Based Amplitude–Phase–Frequency 
Coupling-Aware Reconfigurable Intelligent Surface Design
Let s g H hk k k k k k k

Mx x� � � � � �� diag �  1  in (3) denote the user’s signal 
in the frequency domain for the kth subcarrier, and sn  represent the 
time domain signal at the nth  time instance corresponding to the 
frequency domain signal sk , i.e., s sn

c k
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quency domain and time domain covariance matrices are defined as 

R s ssk k k
H M M� � �� ��E C  and R s ssn n n

H M M� � �� ��E C , respectively. The 
frequency domain covariance matrix can be calculated using (8) as
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The relationship between the time domain and frequency domain 
covariance matrices for spatial wideband systems can be given 

according to Appendix A as R Rs sn

c
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. Then, the output SNR 

before the BS processing can be given using (9) as
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The alternating optimization (AO)-based search algorithm from refs. 
[25, 29], referred to as the iterative phase refinement (IPR) algorithm, 
is adopted to maximize the output SNR. To reduce computational 
complexity, sub-band processing is implemented by utilizing only 
a fraction of the subcarriers, rather than all available subcarriers, 
because the frequency-dependent CCM does not change drasti-
cally across neighboring subcarriers [30]. Consequently, the output 
SNR in (10) is evaluated using the subcarrier indexes from the set  
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cost function to be maximized can be written as
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This cost function can be maximized using Algorithm 1.

B. Statistical Mutual Information-Based Amplitude–Phase–
Frequency Coupling-Aware Reconfigurable Intelligent Surface 
Design
The SMI between the user’s signal sk  that passes through the chan-
nel and the received signal yk  in (8) can be expressed as [31]

I I x
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k k k k k k k M ks y g y I Rs, , log ,� � � � � � �
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det  (12)

if sk  and yk  are assumed to be Gaussian. It can be calculated asymp-
totically when M → ∞ according to Appendix B as

I
M
N

k k k

L

j

J

j k
T

k js y u, log ., ,� � � � � �
�

�

�
�

�

�

�
�

� �
� �


 

1

2
0 1

2 2
1 � �   (13)

Derived from the mutual information, the mean SMI metric is 
used, which is averaged over frequency, resulting in a single cost 
function. Then, utilizing sub-band implementation, the cost func-
tion to be maximized for the SMI-based RIS design is defined as  
J
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This cost function can be maximized using Algorithm 1.

C. Cascaded Channel Covariance Matrix-Based Amplitude–
Phase–Frequency Coupling-Aware Reconfigurable Intelligent 
Surface Design
The received signal in (8) can be rewritten as

y G n g nk k k k k k k kx x� � � �� ,  (15)

where G H hk k k
M N� � �� �� diag   and g Gk k k

M� � ��  1 . The achiev-
able rate for a given channel realization gk  can be calculated using 
(15) as
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if xk is assumed to be Gaussian. Then, the ergodic capacity can be 
calculated and upper-bounded by Jensen’s inequality as
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where R G Gk k
H

k
M

� � �� 1   is the C-CCM. The C-CCM can be calculated 

analytically using (4), (5), and (15) as

R u uk
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Notably, the ergodic capacity upper bound in (17) depends on 
slowly-varying channel parameters rather than on instantaneous 
channel realizations. Utilizing sub-band implementation, the cost 
function can be written using (17) and (18) as
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 (19)

This cost function can be maximized using Algorithm 1.

V. COMPLEXITY AND PERFORMANCE EVALUATIONS

A. Complexity of the Proposed Reconfigurable Intelligent Surface 
Beamforming
Several other RIS designs are included in the simulation results for 
comparison. Let �DFT � �N 1  represent the unconstrained discrete 
Fourier transform (DFT)-based RIS design, which directs its beam 
towards the most dominant cascaded MPC (C-MPC) among the LJ 
C-MPCs by selecting the corresponding column of the DFT matrix 
[31]. This approach aligns with the RIS beamforming method pro-
posed in ref. [32], where the authors adjust the RIS phases to match 
the strongest channel impulse response (CIR). Additionally, let 
�Conv EB�

��N 1  denote the frequency-independent, beam-squint-
unaware unconstrained design that maximizes the output SNR at 
the center frequency. This design corresponds to the most dominant 

eigenvector of the covariance matrix 


  

� �
�� � � � �

1 1

2
L

j

J

j j
T

j� ,
*

, ,u u   

[31, 33], where u x e e
i

d
x i N

d
x

T

c c� �� �
�

�
�
�

�

�
�
�

� � �� �
� 1

2 2 1
, , ,

�
�

�
�

RIS RIS

 is the conven-

tional spatial narrowband RIS array response. This solution can be 
extended to account for beam-squint. Let �BSA EB�

��N 1  represent 
the optimal frequency-independent unconstrained BSA design that 
maximizes the output SNR by considering BSE. This design corre-
sponds to the most dominant eigenvector of the covariance matrix  

k

N L

j

J

j k j k
T

j

c

� � �
��� � � � �

1 1 1

2



  � ,
*

, ,u u   [34], known as the eigenbeamformer 

(EB) solution. It’s important to note that φDFT , �Conv EB�  and �BSA EB�  
cannot be directly implemented due to the APFC constraint. To 

realize these designs in practice, it’s necessary to determine the cor-
responding capacitance values for each RIS element. Once these 
capacitance values are determined, the resulting practical RIS designs 
adhere to the APFC model and no longer maintain frequency inde-
pendence. These practical adaptations of the DFT-type beamformer 
and eigenbeamformers are designated as Conv.-DFT, Conv.-EB, and 
BSA-EB, respectively. The computational complexity orders and main 
features of the proposed RIS designs are given in Table I.

B. Simulation Results
In this section, the simulation results are presented to demonstrate 
the performance of the proposed practical quantized RIS designs. 
The simulation parameters are presented in Table II. In the simula-
tion results, the average SE (ASE) is presented, which is calculated 
by averaging the instantaneous achievable rates for given channel 
realizations over random UE locations.

The results of ASE vs. SNR and 10% outage capacity vs. SNR are pre-
sented in Figs. 4 and 5, respectively. These figures demonstrate that 
the proposed APFC-aware RIS designs (SNR-based, SMI-based, and 
C-CCM-based) outperform the APFC-unaware designs (Conv.-DFT, 
Conv.-EB, and BSA-EB). Notably, the C-CCM-based RIS design achieves 
8 bits/s/Hz ASE at −5 dB SNR, while the BSA-EB requires 0 dB SNR to 
reach the same ASE. Similarly, the C-CCM-based RIS design reaches 
6 bits/s/Hz 10% outage capacity at approximately −5 dB SNR, while 
the BSA-EB requires around 2 dB SNR to achieve the same 10% out-
age SE. This indicates that neglecting the APFC constraint can lead to 
a performance loss of around 5 dB for average SE and 7 dB for 10% 

TABLE II. SIMULATION PARAMETERS

No. of BS antennas M = 128

No. of RIS elements N = 128

BS antenna spacing dBS = λc/2

RIS element spacing dRIS = λc/2

Center frequency fc = 2.4 GHz

Signal bandwidth W = 400 MHz

No. of subcarriers Nc = 1024

Sub-band subcarriers Nc
’ =12

No. of MPCs L = 2, J = 3

BS-side AoAs � ~ . , .Unif ��� ���0 8 0 8 

Cascaded angles � , ~ . , . ,j Unif j��� ���0 8 0 8 �

MPC powers � � � � � �1
2

2
2

1
2

2
2

2
2

3
2 5/ / /� � �  dB

Propagation delays � �max max� � 32 / W

RIS circuitry L1 = 2.5 nH, L2 = 0.7 nH, R = 2.5 Ω

Free space impedance Z0 = 377 Ω

IPR iterations Niter = 5

*AoA, angle of arrival; BS, base station; IPR, iterative phase refinement; MPC, 
multipath component; No., number; RIS, reconfigurable intelligent surface.

TABLE I. COMPUTATIONAL COMPLEXITY ORDERS AND MAIN FEATURES OF 
THE RIS DESIGNS

RIS Designs Quant. BSA APFCA Complexity

Conv. DFT [32] ✗ ✗ ✗ O(N)

Conv. EB [31] ✗ ✗ ✗ O(LJN2)

BSA EB [34] ✗ ✓ ✗ O(LJNcN2)

SNR-based (proposed) ✓ ✓ ✓ O(2qLJNiterN’
cN2)

SMI-based (proposed) ✓ ✓ ✓ O(2qLJNiterN’
cN2)

C-CCM-based 
(proposed)

✓ ✓ ✓ O(2qLJNiterN’
cN2)

*APFCA, amplitude–phase–frequency-coupling-aware; BSA, beam-squint-
aware; C-CCM, cascaded channel covariance matrix; Conv., conventional; DFT, 
discrete Fourier transform; EB, eigenbeamformer; Quant., quantized; RIS, 
reconfigurable intelligent surface; SMI, statistical mutualinformation; SNR, 
signal-to-noise ratio.
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outage SE. Notably, these performance losses arise from neglecting 
the APFC in RIS beamforming design. It has been shown that disre-
garding such RIS hardware impairments also leads to significant deg-
radation in channel estimation [28]. Consequently, the beamforming 
performance loss due to neglecting the APFC can compound with 
CSI acquisition errors, potentially causing more severe overall degra-
dation, particularly in high-density and high-mobility environments. 
Additionally, the proposed C-CCM-based design surpasses the pro-
posed SNR-based and SMI-based designs, which may indicate the 
potential significance of choosing an optimization metric that aligns 

closely with the ergodic capacity, as it serves as one of the ultimate 
benchmarks in wireless communication systems.

In Fig. 6, the cumulative distribution function (CDF) of the SE is 
presented. These CDF curves illustrate the outage probabilities for 
specific SE values, highlighting the robustness of the RIS designs to 
variations in UE locations. It is evident that disregarding the APFC 
results in significant degradation in outage performance, as shown 
by the fact that the 10% outage of Conv.-DFT, Conv.-EB, and BSA-EB 
falls below 6 bits/s/Hz, while the proposed C-CCM-based design 
achieves 8 bits/s/Hz at the 10% outage level.

Finally, in Fig. 7, the convergence of the IPR algorithm for the pro-
posed C-CCM-based RIS design is illustrated. The IPR algorithm 
converges rapidly, typically within 3–4 iterations, making it feasible 

Fig. 5. 10% Outage Spectral Efficiency vs. SNR.

Fig. 6. CDF of Spectral Efficiency for SNR = 0 dB.

Fig. 7. ASE vs. number of IPR iterations for SNR = 0 dB.

Fig. 4. Average Spectral Efficiency vs. SNR.
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for practical systems. Furthermore, the results indicate that increas-
ing the quantization beyond 4 bits provides minimal performance 
gains, suggesting that the proposed C-CCM-based design with 
4-bit quantization closely matches the performance of its unquan-
tized counterpart. While higher quantization levels enhance ASE by 
enabling finer control over the RIS element phase shifts, they also 
lead to increased computational and hardware complexity. Notably, 
the infrequent updating of RIS beamforming due to the slowly vary-
ing nature of the C-CCM reduces the overall computational burden. 
Nonetheless, this trade-off can become particularly significant in 
scenarios where computational and hardware resources are limited. 
In such cases, lower quantization levels (e.g., 1-bit quantization) may 
be preferred, depending on the specific performance objectives. 
Notably, Figs. 4 and 5 demonstrate that the proposed 1-bit C-CCM-
based design attains performance comparable to the unquantized 
BSA-EB, further highlighting its viability in resource-constrained 
scenarios.

VI. CONCLUSION

In this paper, the APFC constraint is investigated, and APFCA and 
BSA statistical quantized RIS beamforming designs are proposed. 
These designs, based on statistical metrics, do not rely on I-CSI, 
eliminating the need for frequent updates. Signal-to-Noise Ratio-
based, SMI-based, and C-CCM-based RIS designs are introduced, 
with results demonstrating the superior performance of the C-CCM-
based design compared to the SNR-based and SMI-based alterna-
tives. To optimize these metrics, the IPR algorithm is employed, 
which converges rapidly within three to four iterations. Moreover, 
simulation results show that the proposed C-CCM-based RIS design 
with 4-bit quantization closely matches its unquantized counter-
part, enhancing its feasibility for practical systems. Additionally, the 
proposed RIS designs are compared with conventional beamform-
ing approaches, showing that conventional designs require up to 5 
dB more power to achieve the same SE. As a future research direc-
tion, the proposed approaches can be extended to different RIS 
frameworks, such as RIS-aided integrated sensing and communica-
tion, adjustable-delay RIS, and stacked intelligent metasurface sys-
tems. Investigating the APFC constraint and the BSE within these 
contexts could provide valuable insights and make a meaningful 
contribution to the field.
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ALGORITHM 1. BSA–APFCA Q-BIT STATISTICAL RIS VIA IPR

Input: Slowly-varying channel parameters: σ , j
2 ,  , j  ∀, j

1: Set �k N ck� � ��0 1 �   # Initialization

2: for iter = 1 to Niter

3:  for m = 1 to N
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7:  end

8: end

Output: q-bit C mm∀ , �k m
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Z C f Z

m k�� �� �
� � �
� � �

�� �
,
,

,0

0

*BSA, beam-squint-aware; APFCA, amplitude–phase–frequency coupling 
aware; RIS, reconfigurable intelligent surface; IPR, iterative phase refinement.
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APPENDIX B. MUTUAL INFORMATION CALCULATION

The expression of Rsk  is given in (9). Note that u uk
H

k M� � �  � � � � �� �  
when M → ∞ [27]. In other words, different MPCs are asymptotically 

orthogonal when M → ∞. Thus, uk
L

�


� �� �
�1

 become the orthogo-

nal eigenvectors of Rsk  when M → ∞. Then, the expression of Rsk  
in (9) is indeed the spectral decomposition of Rsk  when M → ∞.  
Consequently, the non-zero eigenvalues of Rsk  are found as 
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Let us re-express Rsk  using eigen decomposition as R E Esk k k k
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such that E E Ik
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Then the mutual information in (13) can be calculated as
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which completes the proof.


