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Introduction

The load profiles in conventional networks can be estimated from the database of the distri-
bution system, while those in smart networks can be obtained directly on time from the smart 
systems. Estimated load profiles in conventional distribution networks help electrical com-
panies in many fields through such assistance as covering the energy demands of consum-
ers, taking on economic and management decisions, and improving the performance of net-
works, among others. Many studies were carried out to determine the model of load profiles; 
the analytical model for determining uncertainty in distribution loads presented in depends 
on the calculation of mean and variance of the loading profile in each distribution transformer 
[1]. Daily load profiles for all load types carried out in are modeled depending on the mean, 
the standard deviation, and the normal distribution of load profiles [2]. The daily load profile in 
different seasons were also studied in [3]. Previous studies on load profiles needed to find the 
mean and standard deviation in constructing a load profile model. The proposed load profile 
model in this paper consists of a small amount of load data; the type of demands and their av-
erage values, the minimum and maximum limitations, and the probability of load distribution 
between the given limitations.

The estimation of active and reactive power loss in distribution systems is one of the main 
goals for any electric utility company. For example, a reduction of real power loss increases 
the performance of distribution networks and decreases their financial costs. Additionally, a 
reduction of reactive power loss reduces decreased voltage and reactive power consumption, 
while improving the load ability of networks [4]. Subsequently, many equations which depend 
on generated or consumed power have been proposed to calculate the power loss in trans-
mission and distribution systems, such as: Kron’s loss equation, the Branch power loss equa-
tion, and Elgerd’s loss equation [5-7]. These equations were used in the calculation of power 
loss in the electrical system, the economic dispatch analysis, and in determining the optimal 
size and location of distributed generators or capacitors in primary distribution networks [4-6, 
8, 9-12]. These equations relate to single values of power (load, generation, or injections pow-
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er), but they do not have load profile functions with time (i.e. 
daily, monthly or yearly load profiles) in order to calculate the 
average power losses in electrical networks. This paper, along 
with the article in [13], presents the full derivation of simple ap-
proximation power loss formulas to estimate active and reac-
tive power loss, taking load profiles into account. Additionally, 
the validity of these formulas is examined in this article by two 
distribution systems. 

This article sheds light on: a simple model of load profiles and 
power loss formulas based on load demand profiles, modified 
power flow equations based on power profiles, an algorithm 
to find active and reactive power loss profiles, and applications 
on 13 and 69 bus distribution test systems and their simulation 
results. Finally, the article summarizes the contributions and 
conclusions of this work. 

Simple Approximated Model of Load Profiles 

The profiles of residential, commercial, and industrial load de-
mands were modeled through field measurements and statis-
tical study [2]. The daily load profiles of P (t) or Q (t) at specific 
probability can be obtained using normal distribution, where 
the Equation (1) is the general daily load profile.

 (1)

where: XG (t) : general daily load profile, μ(t) : the mean curve of 
certain consumer, σ(t): the standard deviation curve of a cer-
tain consumer based on daily load curves, and κ1: the Gaussian 
distribution value at specific probability Pr(%). For example, 
κ1=1.3 at Pr =90% and κ1 = 1.65, Pr = 95%. The following pro-
posed procedures present a simple and approximated model 
of daily load profile, and depend upon a small amount of load 
data:

- According to Equation (1), if the σ(t) = 0, the daily load 
curve is equal to the mean curve. Under this condition, the 
daily load profile can be defined as XG (t) = μ(t) = μpu (t) × 
average {μ(t)}. At zero standard deviation, we can assume 
μpu (t) is the general behavior of residential, commercial, or 
industrial load profiles in a per unit system where

 
 (2).

- The per-unit mean residential, commercial, and industrial 
profiles were obtained through the results of [2], where 
the area under each curve is equal to one. Figure 1 shows 
the per unit mean profiles of residential, commercial, and 
industrial load demands. 

- Approximated load profiles can be derived which are 
based on the values of average and minimum-maximum 
limits of load demands, as shown below:

 (3)

where

      (4)
 

where
 
     (5)

 
E(Xr) = μ is the mean value of Xr . Xr is the random variable in the 
set {x1,x2,…,xNd}. The subset {xmax(t), μ(t), xmin(t)} represents the 
maximum deviation in the set of Xr. This subset can be used to 
find out the approximate value of the λ ratio. The approximate 
value of λ is shown in Equation (6):

     (6)
  

Figure 2 clarifies the relationship between the maximum, min-
imum, and mean functions of general load demands and their 
average values. Replacing the average values of these func-
tions instead of those of the general load functions is the sec-
ond approximation that can be used to simplify the calculation 
of the λ ratio where the symbol is the average of x (t). Equation 
(7) represents the approximate value of λ, based on the range 
of load limits:

      (7)
 

Now Equation (1) can be reformulated based on the approxi-
mate value of λ as shown in Equation (8). Table 1 displays three 
numerical examples and the comparison between exact and 
approximated values of the λ ratio, and profile values of XG.

Figure 1. The per unit mean load profiles based on:
(*) the measurement data [2]
(**) 5th order polynomial function of curves in (*)
(***)10th order polynomial function of curves in (*)
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 (8)

Power Loss 

Exact Power Loss Formulas

The total active and reactive power lost in a distribution net-
work with N buses can be calculated by Elgerd’s Equations (9) 
and (10), respectively [4]. The equations show the power loss 
depending on the active and reactive power injections,

 (9)

 (10)

where

and 
α = [αij], β = [βij], γ = [γij] and ξ = [ξij]. While the size of matrices α, 
β, γ and ξ is N×N, the coefficients αij, βij, γij and ξij are functions 
of the magnitude and angle of phasor voltage. Also, αij and βij 
depend on the resistive entries rij of the impedance matrix [Zij], 
while γij and ξij depend on the reactance entries xij. Pi and Pj are 
the active power injections of buses i and j, respectively; Qi and 
Qj are the reactive power injections of buses i and j, respective-
ly, where the power injection is the difference between the 
power generations and load demands for the same bus.

Power Loss Formulas Based on Load Profiles

Figure 3 displays the change of the power injections on the 
nodes of a distribution network at each moment of time. The 
distribution system was assumed perfectly balanced in the 
three-phase system. The load profiles and the line segments 
were supposed to be perfectly balanced as well. The line im-
pedance of each segment was consistent with the time, but the 
state variables (Vi (t) and δi (t)) were not consistent because they 
depend on the power demands.

Linearization Principle and Average Integral of Power 
Profiles

A linearization technique and an additive property of integrals 
were used to derive a simple power loss equation based on 
power profiles. Profiles of active and reactive load demands, 
power injections, and power loss are nonlinear functions with 
time variables. Additionally, active and reactive power loss re-
lations are nonlinear with profiles of active and reactive pow-
er injections. Figure 4 shows a general nonlinear function X(t), 
where X(t) could represent the power profiles of load demands 
(PDi (t), QDi (t)), power generations (PGi (t), QGi (t)), power injections 
(Pi (t), Qi (t)) at node i, or power loss (PLT (t), QLT (t)). 

Through one period T the function X (t) is divided by M regu-
lar intervals with a length of ∆t for each one. The length of the 
regular interval  depends on the power measurement 
devices (smart, digital, or conventional meters) or the accura-

Figure 2. Maximum, minimum, and mean functions of the gener-
al load demand based on random subset of Xr(m)

Figure 3. Load profiles on a distribution network

Table 1. Examples compare between exact and approximate values of load profiles at specific times.

Profile of set Xr at time m Subset of Xr

λ ratio The value of profile XG

Exact Appx Exact Appx

{0.9, 1.075, 1.1, 0.95, 0.9, 1, 0.97, 0.94, 1.085, 0.96} {1.1, 0.9, 0.988} Range ≈ ±10% 1.00512 1.00675 1.080 1.094

{0.8, 1.25, 0.75, 0.7, 1.3, 1, 1.1, 1.2, 1.15, 0.85} {1.3, 0.7, 1.01} Range ≈ ±30% 1.04304 1.05962 1.282 1.331

{1.4, 1.3, 0.55, 0.7, 1.49, 1, 0.51, 0.86, 1.39, 0.86} {1.49, 0.51, 1.006} Range ≈ ±50% 1.11992 1.15944 1.459 1.528
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cy of analysis. X(t) was considered approximate linear function 
through each interval m, where Xm(t) is the linear approxima-
tion of X(t) over interval m. Xm_avi is the average integral value of 
Xm(t) through time ∆t. Xm is the weight of the average integral 
value of X(t) in interval m. 

The following relations were obtained by using Figure 4:
- The length of the regular interval m is  and the end-

ings of this interval are  and , where m= 1, 2,…, M.
- If X(t) is assumed a linear function along interval m, then 

the values of Xm_avi and Xm can be approximated by Equa-
tion (11). 

 

(11)

- The average integral of X(t) through the period T is approx-
imated in Equation (12)

 

      (12)

Approximated Power Loss Formulas Based on Load Profiles 

According to Equation (11), over interval m the average inte-
gral of the power injection profile (Pi (t), Qi (t), Pj (t) or Qj (t)) can 
be represented by single point and constant value at time 

. Dependent on approximated values of power 
injection profiles, the active power loss profile for each interval 
m was derived in the following equation:

      (13)

 

Similarly, the reactive power profile for each interval m can be 
calculated using Equation (13) only by replacing γm and ξm in-
stead of αm and βm, respectively.

According to Equations (12) and (13), the average approxima-
tion of active and reactive power loss based on load profiles is 
obtained using Equations (14) and (15), respectively

      (14)
 

      (15)
 

where 

where the size of matrices αm, βm, γm and ξm is N×N. The coef-
ficients αmij , βmij , γmij and ξmij are calculated for each interval m,

where 

      
(16a)

      
(16b)

       
(16c)

      
(16d)

where

Algorithm of Power Loss Estimation

The coefficients αmij, βmij, γmij, and ξmij are calculated for each in-
terval m. Power flow equations in reference [5] were revised to 
include the state variables and power injections at each value 
of m, where the state variables Vmi and δmi can be calculated 
by solving the modified power flow equations (17) and (18). 
Numerical methods such as the Newton-Raphson method are 
used to solve equations (17) and (18). The power injections Pmi 
and Qmi are calculated by Equation (11).

 (17)

Figure 4. Linearization principle of the general nonlinear function X(t)
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  (18)

where Ymij is the entry of admittance matrix at values of m, i, and 
j. Figure 5 represents an algorithm to find the profiles and the 
total average of active and reactive power loss.

Applied Examples

The 13 Bus System

A test system in [13] having 18MVA and 12.5kV specifications is 
shown in Figure 6. This system load data is given in Table 2. The 
base power of this network is 10 MVA at 12.5kV.

The 69 Bus System

The 69 bus distribution system (IEEE test system) displayed in 
Figure 7 has a total active load of 3.8021 MW and a total reac-
tive load of 2.6945 MVAr. The system data information is given 
in reference [14]. The base power of this system is 100MVA at 
12.66kV. The proposed loss formulas and estimated load model 
were tested on this system while two wind DGs and one pho-
tovoltaic DG were used. The location and ratings of these DGs 
are given in Table 3. Also, the generation profiles of the DGs are 
given in reference [9].

Simulation Results and Discussion

The proposed load profile model has been used to estimate 
the load profiles at each node of the 13 and 69 bus systems. 
The type of load, the minimum and maximum limitations, and 
the probability of load distribution as tabulated in Table 2 were 
considered, along with the mean load value to estimate each 
load profile at each node of the 13 bus system. The load pro-
files and DGs of the 69 bus system were estimated by using the 
type of loads and DGs with their mean values. It’s clear that the 
factor λ was assumed equal to one in this system.

Simulation Results of the 13 Bus System

Figure 8 shows the estimated active and reactive load profiles of 
the 13 bus system at each node of the network. Table 4 shows 
the average values of load profiles displayed in Figure 8. The 

Figure 5. Algorithm to find active and reactive power loss using sim-
ple formulas

Table 2. Load data of a 13 bus radial distribution network

BUS P (pu) Q (pu)
Range 
± R%

Probability 
(Pr%) Type of load

1 0 0 - - -

2 0 0 - - -

3 0.3045 0.1828 5 90 R

4 0.4059 0.2435 30 90 R

5 3.0351 2.2519 15 90 80%R+20%I

6 0.7060 0.4353 10 90 C

7 1.0509 0.7006 20 90 I

8 1.0631 0.6571 10 90 R

9 0.4578 0.2861 13 90 C

10 0.8299 0.5532 15 90 R

11 0.4450 0.2966 50 90 75%R+25%C

12 1.0580 0.6172 20 90 R

13 0.3046 0.1521 5 90 R

R: Residential C : Commercial I: Industrial
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effects of limitations on load profiles can be noted by compar-
ing the values of P and Q in Tables 2, 4. The estimated load pro-
files increase by an increasing mean of load demand, a range of 
load limitations, and a probability factor of κ1.

The algorithm for power loss calculations is achieved using 
MATLAB. Table 5 includes the results of the average power loss 
of the 13 node radial distribution network. The results were 

estimated using the load profile and their average and maxi-
mum values. Table 5 confirms that the results of the power loss 
equations are very close to the results of the power lost when 
it is directly calculated by power flow programs. The power loss 
values are different when using single values’ average/maxi-
mum demand and power profiles because the power loss of 

Figure 8. Active and Reactive load profiles of a 13 bus radial dis-
tribution network

Figure 9. Comparison between the power loss profiles of the 
13 bus system using the discrete load model versus the 5th order 
polynomial load model

Figure 7. The 69 bus radial distribution network

Figure 6. The 13 bus radial distribution network

Table 3. The rating and location of DGs in the 69 bus system

DG type Wind wind PV

Location (bus No.) 17 27 61

Size (MVA) 0.559 0.613 1.7

Power factor 0.894 0.898 0

Table 4. Average values of the proposed load profile model 

bus P proposed model (pu) Q proposed model (pu)

1 0 0

2 0 0

3 0.3207 0.1925

4 0.5346 0.3207

5 3.5194 2.6112

6 0.7815 0.4818

7 1.2750 0.8500

8 1.1761 0.7270

9 0.5210 0.3256

10 0.9623 0.6415

11 0.6812 0.4541

12 1.2830 0.7484

13 0.3207 0.1601
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the network is a nonlinear function of load profiles. For exam-
ple, the active power loss based on the load profiles is equal to 
0.0407pu, but when based on the average values of these load 
profiles it is equal to 0.03453pu. The active power loss based 
on maximum values of the load profiles is equal to 0.1466pu. 
The calculation of active power loss using Equation (14) is more 
accurate and effective than using Equation (9); likewise, the 
method of calculating reactive power loss using Equation (15) 
is more accurate and effective than using Equation (10).

According to the computed loss profiles, the maximum active 
and reactive power losses are 0.11pu and 0.19pu, respectively 
at 20:00. Figure 9 shows the real power loss profiles based on 
two types of load models: 1) a discrete load model as shown 
in Figure 1(*) and 2) the 5th order polynomials load model as 
shown in Figure 1 (**). The average active power loss in dis-
crete mode is 0.04070pu, whereas in the polynomial model it is 
0.040707pu. These are almost the same.

Simulation Results of the 69 Bus System

The estimated active and reactive load profiles of the 69 bus 
system at each node of the network are illustrated in Figure 10. 

The estimated load profiles increase by increasing their mean 
values. This figure also clarifies that the 69 bus system load is an 
industrial network. 

The active and reactive power losses of the 69 bus system using 
average/maximum demands, and using load profiles as shown 
in Figure 10, are represented in Table 6. Additionally, the esti-
mated losses based on the load profiles using Equations (14) 
and (15) are more precise than the load profiles using Equa-
tions (9) and (10), respectively. As can be seen by Table 6, the 
total system loss after integrating DGs into the system, is lower 
than the total loss of the system without DG. 

According to the calculated loss profiles, the maximum active 
power loss is 0.003671pu at 13:00. Whereas the maximum re-
active loss is 0.001689pu at 9:00. Figure 11 illustrates the real 
power loss profiles based on the discrete load model and the 
10th order polynomials load model as shown in Figure 1(***). 

Figure 10. Active and Reactive load profiles of a 69 bus radial dis-
tribution network

Figure 11. Comparison between the power loss profiles of the 
69 bus system using the discrete load model versus the 10th order 
polynomial load model

Table 5. Power losses in the 13 bus radial distribution 
network

Calculations 
based on

Active/
Reactive

losses 
formula

Power flow 
calculation

Maximum load 
demands

P(pu) 0.14660 0.14660

Q(pu) 0.26761 0.26762

Average load 
demands

P(pu) 0.03452 0.03453

Q(pu) 0.06502 0.06561

Load power 
profiles

P(pu) 0.04070 0.04070

Q(pu) 0.07622 0.07615

Table 6. Power losses in a 69 bus radial distribution network 
with two wind DGs and one PV DG

Calculations 
based on

Active/
Reactive

loss 
formula

Power flow 
calculation

Maximum 
load demands

P(pu) 0.004111 0.004111

Q(pu) 0.001905 0.001905

Average load 
demands

P(pu) 0.000738 0.000738

Q(pu) 0.000343 0.000344

Load power profiles
P(pu) 0.001566 0.001566

Q(pu) 0.000719 0.000718

The losses of the system without DG based on load profiles are: 

Ploss= 0.004463pu Qloss= 0.002009pu
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The average active power losses computed for both models are 
0.001566pu and 0.001540pu, respectively.

Conclusion

This paper presents approximate formulas to estimate the ac-
tive and reactive power loss in distribution networks based 
on load demand profiles obtained by a simple approximated 
model. The load profile model and power loss formulas are ex-
amined through the 13 and the 69 bus distribution networks. 
Types, mean, deviation, and the normal distribution factor 
of load are the main variables that impact the load profile. 
The developed loss formulas give more precise results when 
compared to the power loss formula based on the average/
maximum load demand. The presented formulas of active and 
reactive power loss offer the following benefits: Easy to apply, 
capable of using discrete load profiles, and a simulation of re-
sults generating only a small error when using an appropriate 
number of time intervals. The results show that when DGs are 
integrated into the distribution network the power loss is di-
minished.

The advantage of the simple approximated formulas can be 
used not only in power loss analysis but also in economic dis-
patch analysis and to estimate the optimal setting of distribut-
ed generators that can be inserted into distribution networks.
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