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Abstract: This paper deals with the problem of robust stability of the class of bidirectional associative memory (BAM)
neural networks with multiple time delays. Several new sufficient conditions that imply the existence, uniqueness and
global robust stability of the equilibrium point for the class of BAM neural networks are obatined by the use of the proper
Lyapunov functionals and exploiting the norm properties of the interval matrices. The derived results basically depend
on the system parameters of neural network model and they are independent of the time delays. We also give some
numerical examples to show the applicability and novelty of the results, and compare the results with the corresponding

robust stability results derived in the previous literature.
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1. Introduction

In recent years, dynamical neural networks have
been extensively studied due to their potential
applications in image processing, control theory, pattern
recognition, associative memories, optimization
problems. In these types of applications, stability
properties of the equilibrium point of neural networks
are of great importance. In particular, when a neural
network is electronically implemented, time delays
become important parameters on the stability properties.
On the other hand, in hardware implementation of neural
networks, the network parameters of the system may
change because of the deviations in values of the
electronic components. In this case, we need to study the
robust stability of neural networks. In the past literature,
many different stability results for various neural
network models have been reported in [1]-[17].
Bidirectional associative memory (BAM) neural
networks have been first introduced in [18]. The stability
of the BAM neural networks has been extensively
studied in the past years and a great number of various
sufficient conditions on the stability of BAM neural
networks have been presented in [18]-[35]. However,
most of these stability results derived for the BAM
neural networks are applicable when neural network
model has a single delay. In this paper, we will consider
bidirectional associative memory neural networks with
multiple time delays. By using some suitable Lyapunov-
Krasovskii functionals and properties of intervalized
interconnection matrices of the neural system, some new
delay-independent sufficient conditions for the
existence, uniqueness and global robust asymptotic
stability of the equilibrium point for hybrid, BAM neural
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networks with time delays are derived. Some numerical
examples will be presented to show the advantages of our
results over to the previous stability results derived in the
literature.

2. BAM Neural Networks

Dynamics of a BAM neural network with constant
multiple time delays is described by the differential
equations of the form :

w;(t) = —au;(t) + Z Wjidgj (Zj(t))
j=1

m

j=1

) @
50 = ~bzi(©) + ) vyg(u(®)

L
n
+ Z v;[jgi (ui(t - aij)) +]J,VJ
i=1

The BAM neural network model (1) consists of two layers.
n denotes number of the neurons in the first layer and m
denotes the number of neurons in the second layer. u;(t) is
the state of the ith neuron in the first layer and z;(t) is the
state of the jth neuron in the second layer. a;and bjdenote the
neuron charging time constants and passive decay rates,
respectively; wj;, wyi, v;; and vj; are synaptic connection
strengths; gi and g; represent the activation functions of the
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neurons and the propagational signal functions,
respectively; and l; and Jj are the exogenous inputs.

We assume that aj, by, wji, wj;, vij , v{; ,zi and aij in
system (1) are defined at the following intervals:

A, = {A=diag(a;)): 0<A <A<A,

i.e.,0<gl~£ai£5i,i=1,2,...,n,VAEA,}
B, := {Bzdiag(bj):0<§ <B<B,
i.e.,0<b; <bj<bjj=12,..,mVBE€EB}

1 = {W = (Wji)mx‘n : w <W< W,
i.e., w}'i < le‘ < Wji: i= 1,2, e, n,

j=12,..,m YW € W}

=V =(vy),n VY SV=V, @
le,v; Sv; < E-j, i=12,..,n
j=12,..,mVV eV}

= wi=(wp) W <W<Ww,
i.e., ]lSW]l _W]-TL-, i=12,..,n
j=12,...,mvVYWT* € W'}

= =), VI <V<V,
i.e. 17” < vl] < viTj, i=12,..,n
j=12,...mvVt eV}

The activation functions are assumed to satisfy the
following conditions:

(H1) There exist some positive constants ¢;, i =
1,2,..,n andkj; j=1,2,..,msuch that

9i®) —9:(3)

0 < )= a(y) )9
xX=Yy

— <4¥, 0<
xX—=y

<k

forallx,y,x, y € R. This class of functions is denoted
by g € K.

(H2) There exist positive constants  M;, i=
1,2,..,n and L;, j =1,2,..,m suchthat |g;(w)| < M;
and |g;(2)| < L; forallu,z € R. This class of functions
is denoted by g € B.

3. Preliminaries

Let v = (vy,vy,...,v,)T € R™ be a column vector
and @ = (qij)nxn beareal matrix. The three commonly
used vector norms ||v||4, |||z, |v||l are defined as :

n

Iolly = D" lwil, vl =

i=1

The three commonly used matrix norms ||Q]l,,
10112, 1@l are defined as follows:

ol = max2|ql,| ol = D@7 QT2,

ol = mameU

If v=_(v,v,..,1)7, then, |v| will denote v =
(Iv1l, 121, ooy [ DT 1F Q = (g3 )nan, then, |Q| will denote
Q] = (19ijDnxn, and 4,,(Q) and A, (Q) will denote the
minimum and maximum eigenvalues of Q, respectively.

Lemma 1 [36] : Let A be any real matrix defined by 4 €
Ar={A=(a;):A <A<A ie,a;<a;<a

i,j =12,..,n}. Define A*=-(A+ A) and A, = (4 -
A). Let

a1(A) = VI IATA*| + 2|AT|A, + ATA. |,
Then, the following inequality holds
Al < 01(4)

Lemma 2 [37] : Let A be any real matrix defined by A €
Ar={A=(a;):A <A<A ie,a;<a;<a;

i,j =12,..,n}. Define A" =~(A+ A) and A, =-(4-
A). Let

02(4) = [1A"[l2 + llA. ]I
Then, the following inequality holds
Al < 0,(A4)

Lemma 3 [38] : Let A be any real matrix defined by A €
Ay={A=(a;):A<A<A ie,q;<a;<aq;
i,j=12,..,n}. Define A" =-(A+ A) and A, =-(A—
A). Let

05(A) = Ju A12 + A2 + 2114714 [,

Then, the following inequality holds
Al < 05(A)

Lemma 4 [39] : Let A be any real matrix defined by A €
A ={A= (au) A<A<A e, a; < a; < a;.
i,j=12,..,n} Define = (@ij)nxn  and
max{|gij|,|aij|}. Let

aij =

a,(4) = || 4],
Then, the following inequality holds

All2 < 04(4)

4. Global Robust Stability Results

In this section, we present some sufficient conditions for the
global robust asymptotic stability of the equilibrium point of
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neural network model (1). First, the equilibrium point of
system (1) will be shifted to the origin. By the
transformation

system (1) can be transformed into a new system of the
following form ;

% (t) = —a;x () + Z w;jif; (Yj(t))

j=1

+ Z W]-Tif]- (y]-(t — Tji)) , Vi
~ ©)

3(©) = by © + ) v fi((®)

+Z viifi (xi(t - al-j)),V]
i=1

where x(t) = (e (1), x,(8) , o, x, T, y() =
1), Y2 (@) s s Y ONT, f(x(1)) = (fl(x1(t)).
f2(2(0)  ooe, e ), () =( /11 (1)),
L2(©)) s s (D), fx(t = 0)) =(f1 (o, (E —
01), [t =02)) oo, foa(xa(t — )T,
fOE-1)= (i1t —1)), L0t —12)), e,
fn(yn(t - Tn)))T'

The functions f (xl-),fj(yj) are of the form :

fi(xi(-))—g(x()+u*)—g(u*) i=1 n,
£ (10) = 4,050 +2) = g5(z)).) =

It can be noted that the functions f; and fj satisfy the
assumptions on g; and g; , ie, g, €K and g; €
B implies that f; € K and f; € B, respectively. It is
also easy to see that f;(0) =0 and f;(0) =0, i =
1,2,..,n

Note that the equilibrium point of system (1) is
globally asymptotically stable, if the origin of system (3)
is a globally asymptotically stable. Therefore, the proof
of global asymptotic stability of the equilibrium point of
system (1) is equivalent to the proof of the global
asymptotic stability of the origin of system (3). We now
state the following result :

Theorem 1 : Let the assumptions (H1) and (H2) hold.
Then, neural system (1) with (2) has a unique
equilibrium point which is globally asymptotically
robustly stable if there exist positive constants a, y and
3 such that

8§ =m(2a; —a - y)——n{’z 2(V)

2
—EnzfizZ(v{j) > 0,Vi
=1

1
2 =n(2b;—a—p) - Emkaa,fl(W)
1 n
——m’kf Z(iji*)2 > 0,V)
i=1

where W = (w;),V = (v;), onV)=min{o(V),
a,(V), a3(V), 0,(V)},  om(W) = min{o; (W), a,(W),
as(W), o,(W)}, vy = max{|wf], [v5]},

wji = max{|wl, [wy; |}

Proof: Define the following positive definite Lyapunov
functional :

V(x(©),y®) = me ) + Znyj t)
o (@) an

1 E=7ji

wwp? [ A Ca©)ds

L‘—O'jl'

The derivative of V(x(t), y(t)) along the trajectories of the
system is obtained as :

V (), y(®) = —Z 2ma?(t)

+ Z Z 2mx; (t)WJLfJ Yj (t))

.m =

- Z nb;y; (t)
1';11 n

+ Z Z leJ (t)vufl(xl (t))
j=1i=1

+ Z 2ny; (O)v];f; (xz( all))
j=1i=1

%2 m (wp)’f7 (3(0)

%iinz(vu) ft t( aii))

j=1i=



3198

Eylem YUCEL / IU-JEEE Vol. 17(1), (2017), 3195-3204

_ Z 2maixt(©
+ i i mei(t)wjifj Yj (t))

1111

+ Z Z 2mx; (OW/f; y}(t Tﬂ))

L1]1

Z 2nbjyj ®)
j=1

+ i Z ny; (v, fi(x:(6))

j=11i=1
m n

)

=1i=1
n m

2ny; (O f; (xl-(t - 0”-))

-

+
SQIH
M

m2(wf) Ky} (6)

We note the following inequalities :

zn:i mel(t)wﬂf] yj (t))

i=1j=1
= 2mx" (OWf(y ()
<mpBxT (O)x(t)

1
+ mEfT(y(t))WTWf(y(t))
< mBxT(t)x(t)

1
+me Wiz | GO,

< mﬂzn:x? ®)

1 m
+ms Wi Z Ky (5)

D 2ny 0w (1 (0) = 20y OVF (x(0))

j=11i=1

< nJ;yT(t)y(t)
+n )—/fT(x(t))VTVf(x(t))

1
<y @y® +n= VIS [l ()]

Zn:ime (t)wlf] (y](t rﬂ)
Siia HO)

+ ng% DRACICRN)

g m2 ()’ 17 (e
- Tji)) 7

f’ij))

< Z Z ay(t)

j=1i=1

R CATACGEN)
j=1i=1

S
ii n?(vf)'f? xt( _Jij)) ®)

Using (5)-(8) in (4) results in

> Dy vifi(x

i=1

Ms

-
1l
g

V(x(©®),y®) < - Z 2ma;x?(t) + mﬁz x? (t)

m

B

m

j=1
m
=Y by +ny ) yE (O
j=1 j=1

n

1
Fme W3 KRR

1
+n VI Y £

i=1
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n

+maz xZ(t) + naZyJ ®

i=1
1 n m
* 22, 2, m W) K ©
i=1j=1
m n
1 20,7 \2 p2.,.2
+E n (17”) fixi (t)
j=1i=1

Since ||W||2 <aiW), VI3 <o2i(V) and (w] ) <

( ) (vu) —(’71])

V(x(6),y(t)) < Z {m(—Zgi +a+y)

1
+ )—/n{’iza,fl(V)

1 ST
+En2{’i22(vifj)2}xf(t)
j=1
+ ) An(-2bj+a+p)

1 2 2
+ Emkj oz, (W)

n
1 N 2
+ Emzk]-ZZ(wﬁ- ) }y]-z ®
=

- i Sx? () — i WA

i=1 j=1

Since & > 0 for i =1,2,..,n and Q; >0 for j =
1,2, ...,m, it follows that V (x(t), y(t)) < 0 for x(¢t) #
0 or y(t) # 0. Hence, by the standard Lyapunov-type
theorem in functional differential equations we can
conclude that the origin of system (3) is globally
asymptotically stable.

Theorem 2 : Let the assumptions (H1) and (H2) hold.
Then, neural system (1) with (2) has a unique
equilibrium point which is globally asymptotically
robustly stable if there exist positive constants o and S
such that

o =m(2a; —at? —y) — Enfz 2(V)
my
——mZZ( >0, vi
j=1

9 =n(2b; — akf —

—EnZZ(viTj*) >0, vj
=1

B) — —mk2 2 (W)

where W = (wﬁ), V= (vi]-), om (V) = min{o, (V),
a,(V),05(V),0,(V)}, 0 (W) = min{o, (W), 0,(W),
as(W), 0,(W)}, v = max{|vf], 75}

wi = max{|wyl, [Wi[}.
Proof : Define the following positive definite Lyapunov
functional :

V(x(),y(®)) = Z mx?(t) + Z ny? (t)
+aZ Z B 13 Gy (m) dn
+“Z,-=12i:1 t_qui (xi(§)) ¢

The derivative of V(x(t), y(t)) along the trajectories of the
system is obtained as :

V(x(t) y(t)) = Z 2ma;x?(t)
D 2m(Ew;ify 05(0)

i 2mx;(t)w

Lf] (y] (t Tji))

— 0ij))
S5

—a) Y FROsE =)
i=1
0. D fE®)

fEGat—oi)) (9

We also note that
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Zn:izmxz(t) wji i (i (€ — 1))

i=1j=1
< Z Z ) x2(t)
11211 ]n=11
+ ) ) WFoiE—T0) (10)
i=1j=1
D) 2ny (O ficact - o)
j=1i=1 I
1
SRR CARAC
=1i=1

+

Ms

> D At = o) (1)

1i=1

-
Il

Using (5), (6), (10) and (11) in (9) leads to :

V(x(®),y(®) < - Z 2ma?(t)

+mﬂz HO)

1
' m—uwu%Zkfyf(r)
pr L

m

- Z 2nb;yf (t) + ny Z yi ()
=1

j=1

1
+n;||vu2212 HO

+ anz k2y2(t)

+ iz 2(wp) %2 (0)
i=1 ]:1

+ a:; 12x2(t)

PR CARAC
j=1i=1

Since ”W”z < oW IVIZ < 05 (V) and (wf)? <

(Wji ) , (W)? < (sz )?

V(x(6),y(®) < Z {m( 2a; + af? +y) + = nfz 2(V)

i=1

m
1 N 2
+;mZZ(Wﬁ) }xiz(t)
=1

+ Z {n(—zgj +ak? +B)

j=1
n

1 1 .
+ Emkaa,fl(W) + Enz Z(vifj )z}yjz (®)
i=1

DX EACEDRIEHC
i=1 j=1

in which V(x(t),y(t)) < 0 for all x(t) # 0 or y(t) # 0.
Hence, the origin of system (3) is globally asymptotically
stable.

The following corollaries are the direct results of Theorems
land 2:

Corollary 1: Let a, =min{a;},
max{l;}, ky = max{k;}.

by, =min{b;}, £y =

1
&1 =m(2an —a =) = ntion®)

m
1 .
2 p2 § "2 :
——n“f v)c >0, Vi
a M'l( L])
]=

1
¥ =n(2by —a—p) - Emk,%,a,ﬁ(W)
1 22 C \2 0 .
i=1

where w = (wﬁ) V= (UU) om (V) = min{o, (V),
a2 (V), 03(V), a,(V)}, (W) = min {o; (W), a,(W),
as(W), a,(W)}, vU —max{|vu| |'7u|} and wfl =
max{|wj;], [@j;[}-

Corollary 2: Let a, =min{a;}, by
max{?;}, ky = max{k }

= mln{b } fy =

Y)— lnl’z 202 (V)

——m Z( ) >0, Vi

G =m(2am — aty -

& =n(2by, —aky — ) — %mk,%,a};l(W)

n
1 .
——w? Y (W) >0, v
i=1
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where W = (a)ji), V= (vl-j), om (V) = min{o, (V),
a,(V), a3(V), 0’4(V)}' 0 (W) = min {0'1(W);
o (W), as(W), a,(W)}, vy = max{|vy] |v;;|} and

Wj'* = max{|9}i|’ |5}:’-|}

Corollary 3: Lety = 2y,0,,(V), B = kyo,(W).
¢i = m(2am — @) — (M +n)(£y 0, (V)

1 N2 .
—Enzf,ZWZ(vfj) >0, Vi
=

¥ = n(2by — a) = (m + 1) (kyom (W)

1 x
- Emzk,ﬁ Z(Wﬁ )2 >0, Vj
i=1

where W = ((,L)]'i), V= (vij)' O'm(V) = min{o'l(V),
a,(V), a3(V), a,(V)}, on(W) =min {o, (W),
o,(W), os(W), a,(W)}, v = max{|zfj|,|ffj|} and

Corollary 4: Lety = £y0,(V), B = ky o, (W).

G = m(zgm - a’glz\/l) - (m + Tl) (’BMUm(V))

& = n(2by — aky) — (m + n) (ko (W)
1O, .
—EnZZ(v}j )2 >0, Vj

where W = (wj;), V =l=(1vij); o (V) = min{o; (V),
o, (V), a3(V), a,(V)}, om(W) = min {o; (W),
o, (W), as(W), a,(W)}, vy = max{|vy] |v;|} and

W]-'* = max{|g}-i|' |E_fl|}

5. Comparisons and Examples

In this section, the results obtained in this paper will be
compared with the previous global robust stability
results of BAM neural networks derived in the literature.
In order to make the comparison precise, first the
previous results will be restated :

Corollary 5 [40] : Let the activation functions satisfy
assumptions (H1) and (H2). Then, neural system (1)
with (2) has a unique equilibrium point which is globally
asymptotically robustly stable if there exist positive
constants o, § and y such that the network parameters of
the system satisfy the following conditions

§; =m(2a; —a—vy)
1
—;n{’?(IIV*H% +IVAE + 2TV 1L)

m
1 *
——w Y (v5) >0, vi>0
=1
Q; =n(2b; —a—p)
—lmk-z(||W*||2+||W||2
B j 2 *112
+2||W*T|W;|||z)

1 a2
——m?E Y (wi)’ >0,
i=1
where W = (wy), V = (vy), W =-(W+W), W, =
Low - =Ly =lv- T
LW -w), v =3 +1), =57 - V)
max{|vfj|, [vi; [} and wi = max{|wf], [wy[}.
Corollary 6 [40]: Let the activation functions satisfy
assumptions (H1) and (H2). Then, neural system (1) with (2)
has a unique equilibrium point which is globally
asymptotically robustly stable if there exist positive

constants ¢, 8 and y such that the network parameters of the
system satisfy the following conditions

(pi = m(ZQl - a{’lz - ]/)

1

—;n{’?(IIV*Ilﬁ +IVAIZ + 20V V)
1 m

_Emz Z(iji*)z > 0,Vi

=1

1

—Emka(HW*Il% + W13

+ 2w W ll2)

n

1 N2 .
—EnZZ(viTj) >0, vj
i=1
where W = (wy), V = (v;), W = (W+W), W.=
1 v 1= 1 £
(W -w), =i (Vey) v=2(-V) v =
max{|vf;], [vi;|} and wji = max{|wfi|, [ }.

We can write the following results for Corollary 5 and
Corollary 6 :

Corollary 7: Let £,, = max{¢;}, ky = max{k;},
v = L IVIE + IVIZ + 20VT 1V I, B =
e W15 + WIS + 2IWT WA

6; = m(ZQi - a)

—(m +n)(fy \/IIV*H% +VIZ + 20V V)

m
1 :
——nw > () >0, v
j=1
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Q; = n(2b; - a)

—(m +n)(ky \/||W*||§ + WL IZ + 21w W= 1l2)
1 n
——mih Y (wE)’ >0, )
i=1

Corollary 8: Let ), = max{#;}, ky = max{k;}, y =
Ly IIVAIE + NIVLE + 20V IV,
B =k IW*I3 + W15 + 2[WT W]l

@i = m(2a; — aty)
—(m + ) (€ VIVIZ + IVCIE + 21V VL)

1 2 N )2 :
_Em Z(W]l) > O,Vl
j=1

9; = n(2b; — aky)
—(m +n)(ky \/IIW*Ilé + W13 + 2w wW=[ll,)

n
1 \2 .
_E”ZZ(VL'TJ') > 0,V
i=1

Example 1: Assume that the network parameters of
neural system (1) are given as follows :

r 0 2a 2a 2a 7
_v_|-2a —-2a 2a 2a
W=V= 2a —-2a 2a -2al
l—2a 2a 2a —2al
r 0 2a 2a 2a 7
ww_7_|—2a —2a 2a 2a
Ww=v= 2a —2a 2a -2al
l—2a 2a 2a 0
—2a —2a —-2a -—2a
wT =yT = —2a —2a —-2a -—2a

— = " |-2a -2a -2a -2a
l—2a —-2a —-2a -—-2a

r2a 2a 2a 2a
T 2a 2a 2a 2a
2a 2a 2a 2a

12a 2a 2a 2a

A=A=A=B=B=B=1,

b=t =0;=0L, =k =k, =k; =k, =1,

Where a > 0 is real number. The matrices W* W,,
v, V., WIw*|, VT|V*|, W and V are obtained as
follows

0 2a 2a 2a
* __ 7 — —2a —2a 2a 2a
wi=v= 2a —2a 2a -2al

—2a 2a 2a -—a

0 0 0 O
_v_10 0 0 O
I/V*_V*_O 0o 0 of
0 0 0 a

0 0 0 0

T *| — T *| 0 O O 0

2a®> 2a*> 2a*> a?

0 2a 2a 2a
2a 2a 2a 2a

W=V= 2a 2a 2a 2a
2a 2a 2a 2a
We calculate

a1 (V) = VTV + 2[VT|V, + VTV||, = 5,0364a
a,(V) = IV*|l; + lIVill; = 5,8399a

a3(V) = JIIV*II% + V.13 + 2IV.T [Vl = 5,6245a
a;(V) = ||[V]|, = 7,1231a

o (W) = a,(V), o,(W) = 0,(V), a5(W) = a3(V),
o,(W) = a,(V). Hence

om (V) = min{o, (V), 0, (V), 05(V), 0,(V)} = 5,0364a
om (W) = min{o; (W), o,(W), a5(W), 0,(W)} = 5,0364a

For the network parameters of this example, the
conditions of Corollary 3 and Corollary 4 are obtained as
follows:

Pr=¢=¢3 =P =P =Py =P3 =Y,=¢ =, =
(3=0=§=§ =& =§& =8—4a—8(50364a) —
256a?

Let @ = 8a. Hence, if a < 8 holds, then the
104,2912

conditions of Corollaries 3 and 4 are satisfied.

We will now check the results of Corollary 7 and
Corollary 8 for the same network parameters. The conditions
of Corollary 7 and Corollary 8 are obtained as follows:

61=62=63=64=.Q.1=.Q.2=Q3=Q4=(p1=(pz=
Q3 =@4= 9, =9, =9; =9, =8—4a —8(5,6245a) —
256a?

a

8
108,996
of Corollaries 7 and 8 are satisfied.

Let @ = 8a. Hence, if a <

holds, then the conditions

Remark: For the parameters in this example, our results

- 8 .
require that a < Toi2913" However, the results of Corollaries
' 8

7 and 8 require that a < —2__ Therefore, for
108,996 108,996

8 . . .
, our conditions obtained in Corollary 3 and
104,2912

Corollary 4 are satisfied but the results of Corollary 7 and
Corollary 8 do not hold.

<a<
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6. Conclusions

In this paper, by using the Lyapunov stability
theorems and the norm properties of the interconnection
matrices of the neural system, some novel sufficient
conditions for the existence, uniqueness and the global
robust asymptotic stability of the equilibrium point have
been obtained for the class of bidirectional associative
memory (BAM) neural networks with multiple time
delays. We have also compared our results with the most
recent corresponding stability results, implying that our
results establish a new set of global robust asymptotic
stability criteria for BAM neural networks with multiple
time delays.
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